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1. INTRODUCTION 
Let G be a locally finite group. Denote by r(G) the set of all prime 
numbers p such that G contains an element of order p. For p E r(G) we 
define Syl,*(G) to be the set of all those maximal p-subgroups of G that 
contain a conjugate of every finite p-subgroup of G (see Asar [ 1, p. 31). If 
Sylt(G) is not empty, we call G a Sylf-group. 
Locally finite groups with Min-p (i.e., the minimal condition on p- 
subgroups) are Syl:-groups. In this case all elements of Syl,*(G) are 
isomorphic. The structure of an element P of Syl,*(G) is well known: It is a 
finite extension of a divisible abelian group N of finite rank r > 0; the pair 
(Y, ] P:NI) is called the p-size of G (see Kegel-Wehrfritz [7, Chapter 3A]). 
There are also Sylf-groups that do not satisfy Min-p, for example the 
linear groups GL(n, F), where F is an infinite locally finite field of charac- 
teristic p, or the (restricted) direct product X2 i Gi of infinitely many finite 
groups G, such that p divides the order of each group Gj. 
The purpose of this paper is to prove the following result on Syl,*-groups. 
THEOREM 1. Let G be a locally finite group, S E SylF(G) and M a 
subbgroup of S which is strongly closed in S with respect to G. If Z is a local 
system consisting offinite subgroups of G, then for each U E C there exists a 
pair (Mu, So) of subgroups M, and So of U such that the following 
conditions hold: 
(1) Mnu~M”rS”ESyl,(U), 
(2) M, is strongly closed in So with respect to U, 
(3) M contains a conjugate in G of M,. 
If we denote by N, the normal closure (ME) of M, in U, then U, C l 
with U, , U, E Z implies No, c No,. 
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Remark. Let X E Y c Z be a chain of groups. We say that X is strongly 
closed in Y with respect to Z if x2 E Y with x E X and z E Z implies x2 E X. 
A locally finite group with Min.2 is called 2-fine if the Sylow-2-subgroups 
of G/O,,,(G) are finite. 
Theorem 1 enables us to extend results on finite groups with strongly 
closed p-subgroups to locally finite Syl,*-groups, for example, Glauberman’s 
Z *-theorem (see [ 4, Theorem 2, p. 4 11 I), or the theorem of Hall on finite 
groups with a Sylow-Zsubgroup containing a strongly closed dihedral 
subgroup (see [S, Theorem, p. 2031). These results are needed to prove the 
following: 
THEOREM 2. Let G be a locallyfinite group with Min-2 and 2-size (1, n). 
Then G is Z-fine or G = G/O(G) contains a normal subgroup N such that the 
following holds: 
-- 
(1) GIN is a 2’-group, 
(2) flzHxPSL(2,F) or #-HXSL(2,F) or fl= H’fSL(2,F), 
where H is a group with finite Sylow-2subgroups and F is a locally finite, 
quadratically closed field of odd characteristic. 
By Theorem 2, a question of Asar [2, p. 3441 may now easily be 
answered. Furthermore we obtain a corollary to Theorem 2 which simplifies 
the proofs of [3, Theorem 1 and Theorem 21. It should be emphasized that 
the proof of part (b) of the corollary avoids Lemma 7 of [ 31 which seems to 
be stated incorrectly. 
COROLLARY. Let G be a locallyfinite group with Min-2 and 2-size (1, n). 
If S is a fixed element of Syl,*(G) and V is the unique divisible abelian 
subgroup of S of rank 1, then: 
(a) If C,(V) contains an elementary abelian subgroup E of order four 
such that the centralizer in G of every involution of E is 2-fine, then G itself 
is 2-Jine. 
(b) If G contains an involution such that the centralizer of this 
involution in G is a Cernikov-group, then G is 2lfine. 
The notation and terminology used throughout is standard and may be 
found in the books of Huppert [6] and Kegel-Wehrfritz 171. 
2. PROOF OF THEOREM 1 
First we collect some elementary properties of groups with strongly closed 
subgroups; the trivial proofs are omitted. 
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LEMMA 1. Let XC Y c Z be a chain of groups such that X is strongly 
closed in Y with respect to Z. 
(a) If A is a subgroup of Z then X n A is strongly closed in Y n A 
with respect to Z. 
(b) If B is a normal subgroup of Z then XB/B is strongly closed in 
YBIB with respect to Z/B. 
(c) If a is an automorphism of Z then a(X) is strongly closed in a(Y) 
with respect to Z. 
Proof of Theorem 1. For every U E Z choose a fixed Sylow-p-subgroup 
S, of U such that Mn U is contained in S,. For some element g(U) of G 
the group Sg,“” is a subgroup of S. If x is an element of Mn U, then xR(“’ 
lies in St”’ and hence in S. By assumption xgcU) E M. This yields 
(Mn u)gcLI) c s;Y n M s Sg,‘“). 
If y E UgCu’ and s E S $“) n M such that sy E Sg,‘U’, then clearly sY E S and 
hence sy E M. Set M, = (S$” nM)(g(U))m’. By part (c) of Lemma 1, 
condition (2) of Theorem 1 is satisfied. Conditions (1) and (3) of Theorem 1 
are satisfied by construction. 
If U,, U, are elements of Z with U, z U, then for a suitable u2 E U, we 
have S$ E SU2. Let R be the group generated by MU, and ME;. It follows 
that R z SUI and therefore 
Rg’h’ c s$h’ c s. - - 
If x is an element of M, U Mz then there exists y E M and z E G such that 
y’ = x. It follows that xnta2) = ~‘~(‘2) E M, hence 
(X g(“z’ /x E M”, u M$) 
= (x 1 x E M”, u Mz,y’z) 
= Rgcul’ c M. 
Thus 
S”:,“‘) n M = M$2”z) g Rgc”z) c sty2’ n M. 
This implies R g(u2’ = M$t”2). Now R = Mci, and hence Mz, c MCT2. It follows 
N;;: = (M;;)“2 = ((M~)‘“Y2’) 5 ((Mz)“z) 
c (M;;) = Nu, = N& 
This shows that N,, is contained in NU2, and the proof of Theorem 1 is com- 
plete. 
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3. PROOF OF THEOREM 2 
The following lemma is an extension of Glauberman’s Z*-theorem: 
LEMMA 2. Let G be a locally finite group, S E Syl,*(G) and z an 
involution of S such that (z) is strongly closed in S with respect to G. Then 
zO(G) is contained in Z(G/O(G)). 
Proof Since (z) is strongly closed in S E Syl:(G) with respect to G, it is 
clear that (z) is strongly closed in every maximal 2-subgroup which contains 
(z). By 17, 1.1.4 Theorem, p. 491 the assertion follows. 
Next, the theorem of Hall is extended: 
LEMMA 3. Let G be a locally finite group, S E Syl?(G) and M a locally 
finite dihedral subgroup of S which is strongly closed in S with respect to G. 
If N is the normal closure of M in G one of the following conditions hold: 
(1) N=MO(N), 
(2) N/O(N) N PSU(3,4*), 
(3) N/O(N) =A,, 
(4) N/O(N) = PSL(2, F), where F is a locally finite field of odd 
characteristic with more than three elements, 
(5) N/O(N) ‘v PGL(2, F), where F is a locally finite field of odd 
characteristic. 
Proof. Consider first the case that O(G) is trivial. If M is finite then it is 
a dihedral group. Let E be the set of all finite subgroups of G containing M. 
By Theorem 1 Mf’ U = M = M, for every U E .X. Since M is strongly 
closed in S, with respect to U, [5, Theorem, p. 2031 yields that N,! has one 
of the following properties: 
( 1) N, = MW,), 
(2) N,IO(N,) ‘v PSU(3, 42), 
(3) Nu/W,) =A,, 
(4) N,/W,) = PSL(2,q), where q is a power of an odd prime 
number such that q > 3, 
(5) N,/O(N,) = PGJW, 41, where q is a power of an odd prime 
number. 
The local system Z: is the union of sets Ci, i = l,..., 5, where Ci is defined by 
xi = { UE z;(N, has property (i)}. 
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By [ 7, 1 .A. 10, p. 91 at least one of the sets Xi is a local system of G. Let j be 
an element of {I,..., 5) such that Zj is a local system of G. 
According to [7, p. 141 for every element U of Zj there is an element T in 
Zj containing U such that U n O(T) = (1). Hence 
-N,/N,nO(T)=N,/O(N,). 
If j E (1,2,3} then a comparison between the order of N, and N,/O(N,) 
shows that O(N,) must be trivial for every U E Zj. The same holds in the 
case jE {4, 5}; (cf. the list of all subgroups of PSL(2, q) in [6, II, 8.27, 
p. 213/214]). 
It is clear that NG UUEIj NU = NuO for some fixed element LJ, of Zj if 
jE { 1,2,3}. Suppose thatj equals 4 or 5. Then by [7,4.18 Theorem, p. 1371 
the group U uErjNu is isomorphic to PSL(2,F) or PGL(2,F) for a suitable 
locally finite field F. Since M is a Sylow-2-subgroup of N, for every U E ~j 
we get N = UUErj N,. 
From now on let M be infinite. Let 2 be the set of all finite subgroups of 
G which contain a fixed dihedral subgroup of order 16 of M. By Theorem 1 
and [5, Theorem, p. 2031 the set 2 is the union of three sets 2,) E:2 and z3, 
where 
2, = {uE~TIN~=M~~(N~J}, 
2Z2 = {u E 21 N,/O(N,) N pSL(2, q), q = i (2)}, 
& = {u E 21 N,/~(N,) N PGL(~, q), q = i (2)). 
At least one of the sets fi is a local system of G; let j be an element of 
{ 1, 2, 3) such that zj is a local system. As in the finite case for every element 
U of fj there exists an element T in fj containing U such that N, is 
isomorphic to a subgroup of Nr/O(N,). If j = 1 it is clear that O(N,) is 
trivial for every U E ,!?i ; ifj = 2 or 3 we use again the list of all subgroups of 
PSL(2,q) in [6, II, 8.27, p. 213/214] to see that O(N,) = (1) for every 
UEfj. 
Ifj= 1, then 
M= u MnUc_ 0 M,c u N,EO,(G)~S. 
UEfj lJEfj ae.cj 
Since M is strongly closed in S with respect to G the equation M = N holds. 
In the case j = 2 the group iJ,,r, N, is isomorphic to PSL(2, F) over a 
suitable locally finite field F by [7,4.18 Theorem, p. 1371. Since PSL(2, F) 
is simple, we get N N PSL(2, F). 
Finally consider j = 3, in this case [7,4.18 Theorem, p. 1371 yields 
UUCEj N, E PGL(2, F). The group M is infinite, so F must be quadratically 
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closed. It follows PGL(2, F) = PSL(2,F) (see [7, p. 1571). By the simplicity 
of PSL(2, F) it follows that NE PSL(2, F). 
Thus Lemma 3 holds if O(G) is trivial. To finish the proof consider the 
group G= G/O(G). Since M=MO(G)/O(G) is strongly closed- in 
s= SO(G)/O(G) with respect to G, the group fl= (a”) either equals M or 
is isomorphic to one of the groups which are listed in part (2) - (5) of 
Lemma 3. Observing that N = NO(G)/O(G) 2: N/N n O(G) = N/O(N) the 
assertion follows. 
For the remainder of this paper let G be a locally finite group with Min-2 
and 2-size (1, n), S a fixed element of Sylf(G) and V the unique divisible 
abelian subgroup of S of rank 1. If m is a nonnegative integer and P is a p- 
group for some prime number p set Q,(P) = (x E PIxp” = 1). 
Using Lemma 2 and the fact that the automorphism-group of a cyclic 2- 
group contains no element of odd order we get by induction on m: 
LEMMA 4. If Q,(V) is strongly closed in S with respect to G, then 
O(G) a,,,(V) is a normal subgroup of G. 
The following lemma is crucial for the proof of Theorem 2. 
LEMMA 5. Let z be the unique involution of V. If (z) is not strongly 
closed in S with respect to G, then there is an element a of G such that the 
following holds: 
(a) za E S\C,(V), 
(b) V(z”) is a locally dihedral group which is strongly closed in S 
with respect to G. 
Proof The proof of this lemma is accomplished in a series of six steps. 
(1) V is strongly closed in C,(V) with respect to G. 
If b is an element of G and w an element of V with wb E C,(V), then we 
have to show that wb is an element of V. Since V is locally cyclic, 
wb E (Q,(V))” for a suitable positive integer m. Since C,(wb) has 2-size 
( 1, 2k), where k is some nonnegative integer, V and Vb are contained in 
C,(wb). Let g be an element of Sylf(C,(wb)) and P the unique divisible 
abelian subgroup of 3 of rank 1, then there are elements d, and-d, in C,(wb) 
such that (Q,+,(V)) ‘I and (~k+,(Vb))dz are contained in S. This yields 
(O,(V))dl c V and (Q,( Vb))dz c V. Since V is locally cyclic, it follows that 
(.f2,( v>)dl = (a,,,( Vb))d2. Set d = d, d;’ , then (Q,( V))d = (Q,( Vb)) = 
(Q,( V>lb. H ence wb = wbdm’ E Q,(v) c V, and (1) follows. 
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(2) There exists an element a in G such that .za E S\C,(V). 
Since (z) is not strongly closed in S with respect to G, there exists an 
element a in G such that za E S\(z). N ow the assertion follows by (l), 
because V contains only one involution. 
Set j = za and T = C,(V). By [ 7, Lemma l.F.2, p. 341 T has index two in 
S. It follows that S = T(j). 
(3) V(j) is a locally dihedral group which is centralized 
by C,(j). 
It is well-known that the automorphism-group of a cyclic group of order 
four has order two. Now [7, Lemma l.F.2, p, 341 shows that V contains only 
two periodic automorphisms. Since j is not contained in T, all elements of V 
are inverted by j. This proves (3). 
A locally dihedral group contains only one class of conjugates of 
noncentral involutions (see [7, Lemma 1.1.3, p. 481); so j is conjugate in 
V(j) to vj for every u E V. 
(4) If c E C,(j)\(z), then j is not conjugate to jc. 
Assume that there is an element b in G and an element c in C,(j)\(z) such 
that jb = jc. It follows that 
1 = (jb)' = jcjc = c2, 
hence c is an involution. Clearly S” is contained in C,(j) = CG(za). Since 
(j, c, z) c C,(j), by [7, Lemma 3.11, p. 901 there exists an element d of 
C,(j) with (j, c, z) g Sad. Set g = ad, then 
j = jd = zad = zg E VR. 
By (l), (j) is strongly closed in Tg with respect to G. Hence z is not 
contained in Tg. Similary jc = jb fj is not an element of Tg. Since j E Tg, it 
follows that jz & Tg and c 65 Tg. The index of Tg in Sg is two and (j, c, z) 
has order eight, so the intersection of Tg and (j, c, z) must be a group of 
order four. Since z, jz, c and jc are not contained in Tg, the element jcz is 
contained in Tg. 
Choose h E V(j) such that jh = jz. By (3) the elements h and c commute. 
Hence jbh = (ic)” = jhc = jcz E Tg. The group (j) is strongly closed in TR 
with respect to G which implies j = jbh = jcz. Now, the contradiction c = z 
follows. 
(5) We have S = V(j) C,(j). 
Assume that V(j) C,(j) is a proper subgroup of S. Since ] S : V) is finite, 
there is a subgroup W of S such that ( W: V(j) C,(j) 1 = 2. The group 
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V(j) C,(j) is normal in W. Let w be an element of w\V(j)C,(j), then j”’ is 
contained in V(j) Cr.(j). 
If jw E K,(j), then j” E T. By (1) j”’ = z, but z lies in Z(S). This 
contradiction shows that j” cannot be an element of VC,( j). Thus j” = jv or 
j” = jut for some element u of V and some element c of C,(j)\(z). 
First assume j” = jv. By (3) there is an element d of V(j) such that 
jd = jv. Hence jd = j” which implies wd-’ E C,(j) = C,(j)(j). But then the 
contradiction w E V(j) C,(j) follows. 
Let j” be equal to jvc. Then j”’ = jcv = jdc = (jc)d for some element d of 
V(j). This contradicts (4) and shows that V(j) C,(j) cannot be a proper 
subgroup of S. 
(6) V(j) is strongly closed in S with respect to G. 
If b is an element of G and w an element of V(j) with 
wb E S = V(j) C,(j), then we have to show that wb is an element of V(j). 
The following cases have to be considered: w = j, w E V, w  = ju, where 
v E v\( 1). Let c be an element of C,(j)\(z) and U, E V. 
Case 1. w = j. (i) By (4) jb is not equal tojc. 
(ii) By (3) there is an element d in V(j) such thatjd = u, j. This yields 
U, jc = jdc = (j~)~. Now (4) implies that jb is not equal to v, jc. 
(iii) If jb E VC,.(j) s T, then by (1) jb is equal to z E V. In this case 
wb is contained in V(j). 
Case 2. w  = vj for some v E vi\(l). Step (3) shows that there is an 
element d of V(j) such that jd = vj = w. Hence w and j are conjugate; and 
the proof of Case 1 shows that wb is an element of V(j). 
Case 3. w = u for some v E V. (i) Assume that vb = jc. Then 
(v”)’ = jcjc = c* E T. Step (1) implies c* = (0’)” E Vn C,(j) = (z). Hence 
c* = z or c* = 1. The latter case implies v* = 1; it follows that u = z. This 
contradicts (3) because of jc = vb = zb =jamlb. So c* = z. Since c is 
contained in C,(j), there exists an element R of Sylf(C,(j)), such that c is 
an element of R und j is contained in the unique divisible abelian subgroup 
J(R) of R of rank 1. Clearly, J(R) is centralized by c, or every element of 
J(R) is inverted by c. Hence c* centralizes J(R). Now c* is equal to z so that 
J(R) and V are subgroups of C,(z). Thus j= z. This contradiction shows 
vb + jc. 
(ii) Next assume vb = uijc. By (3) vb = (jc)d for some element d of 
V(j). So ubd-’ is equal to jc. If b is replaced by bd- ’ in (i), again a 
contradiction is established. 
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(iii) Finally suppose vb = v,c. Then vb is contained in T. By (l), vb is 
also an element of V(j). 
Now the proof of Lemma 5 is complete. 
Proof of Theorem 2. Without loss of generality let O(G) be trivial. We 
have to show that, if G is not 2-line, there is a normal subgroup N of G 
satifying conditions (1) and (2) of Theorem 2. 
Lemma 4 shows that there is a positive integer n such that 0,(V) is not 
strongly closed in S with respect to G. 
First of all let n = 1. Then Lemma 5 implies the existence of a strongly 
closed locally dihedral subgroup M of S. Since M is infinite, by Lemma 3 G 
contains a normal subgroup L which is isomorphic to PSL(2, F), where F is 
a quadratically closed, locally finite field of odd characteristic. Set 
H = C,(L) and N = HL; then N = H X L. The group G/H is isomorphic to 
a subgroup of Aut(PSL(2, F)) containing PSL(2, F). Now, Aut(PSL(2, F)) 
is a 2’-extension of PSL(2, F) (see 17, p. 157]), hence Aut(PSL(2, F)) 
satisfies Min-2. Up to isomorphism there exists only one infinite locally 
dihedral 2-group. So G/H/N/H is a 2’-group. Hence the following holds: (i) 
G/N is a 2’-group, (ii) N = H x L, where L is isomorphic to PSL(2, F) and 
H has finite Sylow-2-subgroups. Thus Theorem 2 has been proved for the 
case n = 1. 
Let n be greater than 1. The group G” = G/Q,- i( v> contains a normal 
subgroup 3 = fi x z such that the Sylow-2-subgroups of fi are finite and z 
is isomorphic to PSL(2, F). Furthermore G/R is a 2’-group. Let w be a 
generator of Q,,(V). Then $ = wR,- ,(V) is an involution in L. Let 2 be a 
local system of L’ consisting of finite groups 0 of type PSL(2, .) such that 
each 0 contains $. 
Denote by N, H and L the full preimages of N, H and z in G. If U is the 
full preimage of 0 E 2 in L, then Q,- ,( I’) is contained in Z(U) and 
U/Q,_ i( V) is isomorphic to PSL(2, q) for some odd number q. Since w is 
not an involution in U, a Sylow-2-subgroup of U contains only one 
involution. By [6, III, 8.2, p. 3101 the Sylow-2-subgroups of U are 
generalized quaternion, and n must be equal to two. Now [6, V, 25.7, p. 6461 
shows that U is isomorphic to SL(2, q). It is known that PSL(2, .) is a self- 
coupled normal functor in the sense of Kegel (see [7, Chapter 4B]), hence 
SL(2, .) is a self-coupled normal functor, too. By [ 7, 4.13, p. 1321 the group 
L is isomorphic to SL(2, F). Since [L, A] = (l), the group [L, H] is 
contained in Z(L). The three-subgroup-lemma implies [[L, L], H] = (l), and 
hence [L, H] = (1). It follows that N = H Y L. 
Define the Frattini-subgroup @(H) of H to be the intersection of all 
maximal subgroups of H. If Z(L) is not contained in (P(H), then 
H = H, x Z(L) for some subgroup H, of H, hence N = H, X L. If Z(L) is 
contained in Q(H), then N cannot be represented in the form N = A X B, 
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such that B is isomorphic to SL(2, F), where F is a quadratically closed, 
locally finite field of odd characteristic. 
The proof of Theorem 2 is complete. 
Proof of the Corollary. If G is not 2&e, then I?= G/O(G) contains a 
normal subgroup N, such that conditions (1) and (2) of Theorem 2 hold. If A 
is a subgroup of G of order two or a four-subgroup of C,(V), then 
A=AO(G)/O(G) is contained in fl. The structure of N yields that the 
centralizer of no involution of 2 is a cernikov-group and that the centralizer 
of at least one involution of x is not 2-tine, if x has order four. Bearing in 
mind that CAT) = C,(A) O(G)/O(G) the Corollary easily follows. 
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